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The installation of large-eddy breakup devices (LEBUs) or ‘flow manipulators’ in a
turbulent boundary layer over a rigid plane surface is known to lead to reductions
in skin-friction coefficient, turbulence intensity and fluctuating Reynolds stress. We
investigate the effect of such devices on the surface pressure spectrum and the far-
field sound radiation. A model problem, in which a two-dimensional elliptical vortex
is convected past a LEBU, is solved analytically in the low-Mach-number limit. The
main noise source mechanisms are identified in this idealized problem and we go on
to obtain scaling laws for the sound produced by a turbulent boundary-layer flow
over a LEBU. The introduction of a LEBU reduces the strength of the Lighthill
quadrupole source terms, but it produces an additional dipole source. However, the
pressure fluctuations in this dipole field decay rapidly with distance from a LEBU,
and we find that an array of LEBU’s could have a beneficial effect on the flow noise
for radian frequencies which are large in comparison with ¢/304, where ¢ is the sound
speed and 4 denotes the boundary-layer thickness. At lower frequencies the LEBUs
are predicted to increase the flow noise.

1. Introduction

Experiments have shown that large-eddy breakup devices (LEBUs) or ‘flow
manipulators’, consisting of short, thin plates placed in the turbulent boundary layer
above an extensive plane wall, can reduce the wall skin-friction coefficient. Since the
pioneering work of Hefner, Weinstein & Bushnell (1979) and Corke, Guezennec &
Nagib (1979), this reduction in skin friction has been confirmed in many laboratory
experiments throughout the world. See Nguyen et al. (1984), Bandyopadhyay (1986)
or Wilkinson et al. (1987) for reviews of this experimental work. Typically a
maximum local skin-friction reduction of between 15 and 40 % is achieved with some
reduction in skin friction persisting over a downstream distance of 10041504, where
4 denotes the boundary-layer thickness. If the wall is long enough in the streamwise
direction to exploit this skin-friction reduction and the manipulator is sufficiently
thin, the total drag on both the wall and the manipulator may be less than that on
the wall without the manipulator. Plesniak & Nagib (1985) undertook a systematic
optimization of the manipulator geometry. They found that a tandem arrangement
of two plates, one downstream of the other, gave best results when each plate had a
length of 1.14 and was positioned at a height between 0.44 and 0.84 above the wall.
The performance of the manipulator was relatively insensitive to the streamwise
separation between the plates.

There is a great discrepancy between the reported net drag reductions, with
reductions varying from as much as 30% (Plesniak & Nagib 1985) to nearly zero
(Nguyen, Savill & Westphal 1986). It is clear that the net drag reduction is strongly
dependent both on the manipulator geometry and on the characteristics of the
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turbulence in the oncoming flow. However, all the experimenters agree that
significant local reductions in skin-friction coefficient occur downstream of
manipulators. Such a reduction has even been measured on an aircraft in flight
(Bertelrud 1986), and a modest drag reduction has been obtained by equipping a flat
plate in a towing tank with flow manipulators (Sahlin, Alfredsson & Johansson 1986).

The reduction in skin-friction coefficient downstream of a flow manipulator is
accompanied by a corresponding decrease in turbulence intensity, turbulent
Reynolds stress and integral lengthscale (Westphal 1986; Bonnet, Delville & Lemay
1987 ; Coustols, Cousteix & Belanger 1987). The streamwise turbulence intensity and
fluctuating Reynolds stress relax back to their unmanipulated values some fifty
boundary-layer thicknesses downstream of the LEBU, but the attenuation in the
normal component of the turbulence intensity persists for a streamwise length of
about 1504 (Guezennec & Nagib 1985). It is these fluctuating velocities that generate
sound in a turbulent boundary layer over a plane wall (Ffowcs Williams 1965) and we
might hope that a reduction in turbulence intensity might lead to a corresponding
reduction in noise. Such an argument is clearly an over-simplification. Although the
introduction of a LEBU might reduce the strength of the quadrupole sources, the
LEBU exerts unsteady forces on the fluid and leads to new dipole sources. In general
in a low-Mach-number flow the sound field due to dipole sources is stronger than that
due to quadrupoles. However, these dipoles produce a centred sound field decaying
with distance from the LEBU, while the quadrupole sources are distributed
throughout the boundary layer. If the turbulence modification persists over
sufficient distances downstream of the LEBU for the additional dipole sound field to
have decayed to a negligible level before the turbulence recovers to its unmanipulated
form, the introduetion of a LEBU could have a beneficial effect on the sound field.
Whether a LEBU leads to an increase or a decrease in sound level depends on the
relative importance of the additional dipole and the modification to the quadrupole
source strength. An encouraging experimental result has been reported by Beeler
(1986). He measured the pressure spectrum 70 boundary-layer thicknesses
downstream of a LEBU in a turbulent boundary layer and found that the presence
of the manipulator reduced the unsteady pressure.

Simple theory can explain the reduction in fluctuating velocities produced by a
flow manipulator. Dowling (1985) considered an incident line vortex convected past
a LEBU consisting of a single short, flat plate. Vorticity shed from the trailing edge
of the manipulator was found to cancel the effect of the incident vortex, leading to
a significant reduction in velocity fluctuations near the wall. Atassi & Gebert (1987)
went on to consider an incident vorticity wave and an aerofoil-shaped manipulator.
Once again shed vorticity reduced velocity fluctuations downstream of the LEBU.
Balakumar & Widnall (1986) considered a tandem arrangement of two plates. When
the two plates are many chord lengths apart, they produce a reduction that is the
square of that for a single plate.

The oncoming flow in these theories satisfies Taylor’s hypothesis and so is silent in
the absence of a LEBU. The models are therefore too crude to investigate the effect
of a turbulence manipulator on flow noise. In this paper we extend the theory of
Dowling (1985) by considering a cylindrical vortex of slightly elliptical cross-section
convected on a uniform mean flow over an infinite plane wall. Such a vortex rotates
under the influence of its own velocity field (Lamb 1932). In a slightly compressible
fluid it emits sound and has been used as a basic model of a two-dimensional eddy
by Howe (1975). We investigate the way in which the sound field of such an eddy is
altered as it is convected past a turbulence manipulator consisting of a single, short,
flat plate.
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In a low-Mach-number flow, the flow field in the vicinity of a source is essentially
incompressible. We solve the inner incompressible problem for the elliptical vortex
in §2 and in particular determine the pressure it induces on the plane wall. In the
absence of a manipulator the unsteady pressure field is proportional to the square of
the vortex strength, I', and decays with the inverse-square of distance from the
vortex core. When a LEBU is placed at a height & above the plane wall in a flow
of mean velocity U, there is an additional term in the pressure perturbation
proportional to I'U h and decaying with the inverse-square of distance from the
manipulator. For a vortex representing weak levels of fluctuation, I” is small in
comparison with U,k and the LEBU leads to an enhancement of near-field
pressures. The augmented wall pressure is most intense directly underneath the
LEBU, the maximum being below the 20% chord point.

Once the incompressible inner field has been determined the theory of vortex
sound (Powell 1964 ; Howe 1975) can be used to determine the distant compressible
sound field. This is done in §3. In the absence of the LEBU this pressure perturbation
has the form appropriate for a quadrupole source and is proportional to the small
eccentricity, €, of the vortex core. All vortical elments satisfying Taylor’s hypothesis
are silent. When the vortex is convected past a LEBU even the vorticity that
convects without change generates sound as it exerts an unsteady force on the
LEBU. In free space the unsteady lift on the plate would be an effective dipole (Howe
1976), but for our geometry the equal and opposite image of this dipole in the plane
wall completely cancels any surface pressure fluctuations this source might produce.
It is apparent from the work of Katzmayer (1922) and Jones (1957) that there is an
unsteady suction on the leading edge of the plate proportional to the square of the
incident velocity perturbation. We find that this tangential dipole source leads to
significant surface pressures. The installation of an LEBU enhances the distant
pressure field of the single two-dimensional eddy by a factor € 'M~*, where M = U_ /c
is the mean flow Mach number. In underwater applications the Mach number is very
low (of the order of 0.01) and so this represents a considerable augmentation of the
sound field of a single eddy.

This exact problem gives us sufficient physical insight to identify the main sources
of sound when a LEBU is placed in a turbulent boundary layer. Now, rather than
the single two-dimensional vortex considered in §§ 2 and 3, there are convected three-
dimensional eddies distributed throughout the boundary layer. In §4 we obtain
scaling laws for the surface pressure spectrum under such a turbulent flow. We find
that a LEBU produces an additional centred dipole field, but that at large distances
from the LEBU this involves smaller pressure fluctuations than those due to the
extensive quadrupole sources distributed throughout the boundary layer.

A LEBU reduces the fluctuating velocity over a downstream extent of some
1504, and a global reduction in quadrupole source strength could be obtained by an
array of LEBUs with a streamwise separation of about 1504. We predict that such
an array could only lead to local reductions in the surface pressure spectrum for
radian frequencies much greater than ¢/304.

2. The inner incompressible flow field

2.1. In the absence of a LEBU
Consider the model of a turbulent eddy in a boundary layer illustrated in figure 1.
A two-dimensional vortex with a slightly elliptical core is convected parallel to a

rigid plane wall y, = 0 in a uniform mean flow (U,,0,0). At time ¢ = 0, the centre of
the vortex is at a height d above the wall and we shall denote its streamwise position



196 A. P. Dowling

—b
Rl
o ‘ -
___l_]f_> Vortex core with centre (U, ¢, d)
and edge R, = a(1 + ecos 20, —1w?))
—_— 2

1
AN NN NN NN NN NN NN NN N NN N N

W Imagc vortex

FicURrE 1. An elliptical vortex convected parallel to the rigid wall y, = 0.

by y, = 0. Let us suppose that, at this time, the vorticity has a uniform value
(0,0, ) within the vortex core and that the outer edge of the core is described by
R, =a(l+ecos26,), where R, and @, are polar coordinates measured from the
vortex centreline. In a boundary-layer flow w would in general be negative. ¢ is a
small parameter describing the eccentricity of the ellipse.

In unbounded space in an otherwise quiescent fluid, Lamb (1932) has shown that,
to first order in ¢, such a vortex rotates about its axis with angular velocity lw. The
vorticity distribution at a general time ¢ is therefore given by

o = wkH[a+eacos (20, —lwt)—R,], (2.1)

where k is a unit vector in the 3-direction and H(x) is the Heaviside function. The
associated velocity field, in polar coordinates based on the vortex axis, is

vp = —YewR, sin (20, —jut), vg = jwR, —JcwR, cos (20, —iwt) (2.2)
inside the vortex core,

ela® . I ela?

Vg = —msm (20, —1wt), vg= —2—@:+mcos

outside the vortex core, where I' = ma®w is the total vortex strength and terms of
order €% have been neglected.

In our problem there are additional terms in the velocity field due to the mean flow
and the image of the vortex in the hard surface. These cause the vortex axis to move
with a velocity (U,,0,0), where U, = U +I'/4rd. If a/d is small, this velocity is
uniform over the vortex core and the vortex convects without dispersion. The
vorticity distribution therefore continues to have the same form as in (2.1), provided
R, and @, are measured from the instantaneous position of the vortex axis and we
can use Lamb’s result to write the velocity field in y, = 0:

v= (U®+L O,O)+%wR1(——sin 0,,c080,,0)—LewR, (sin (O, —iwt), cos (O, —jwt), 0)

4nd’
(2.4)

(26, —Jot) (2.3)
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. inside the vortex core,

v=(U,,0,0)
. el'a® . " "
+2an(—sm 6,, cos @1,0)+m(—sm (360, —3wt), cos (3@, —jwt), 0)
ela?

r .
_21tR2 (—sin @,, cos 8, 0)—

m (—sin (360, +1wt), cos (30, +1wt),0) (2.5)
outside the vortex core, where B, and @, are polar coordinates measured from the
instantaneous position of the axis of the image vortex. This velocity distribution will
be used in §3 to evaluate the sound source terms, but for now we shall go on to
determine the inner incompressible pressure fluctuations.

The near-field pressure perturbations can be calculated from the unsteady form of

Bernoulli’s equation : , - s
P =—pop+apo(Us—0%). (2.6)

The dot denotes a time derivative, v is the magnitude of v, and p, is the fluid density.
It is apparent from (2.5) that outside the vortex core the velocity potential ¢ is given

by
r ela*[ 1 1.
¢ = Uoo y1+§1¥(@1—@2)+ﬂ[}7¥sm (2@1—%ﬁ)t) —EgSln (2@2+%wt)] (27)

The pressure fluctuations on the plane surface y, = 0 are of particular relevance since
they would be detected by a wall-mounted sonar array. There,

E,=R,=[(y,—-U, 12 +dt, 6, =—6, with tan®, =—d/(y,—U,!),

the velocity potential simplifies, and differentiation with respect to time shows that

. Iy, d el? cos (20, —1wt) (osl"Uva2
P00 = = e ant g —O.4a O @ ) @8

The normal velocity v, of course vanishes on y, = 0, while the streamwise velocity
reduces to
r d

ela?
v, = U°°+E(y1—th)2+d2+O( = ) 2.9)

Substitution for v and ¢ in (2.6) shows that the pressure perturbation on the wall is

, _ pol?cos20, +ecos (20, —jut)
P 0y t) =75 W= 0 FdE
(yl_th)Z_dz
(yl——th)2+d2.

(2.10)

where c0s 20, =

The unsteady pressure is evidently proportional to the square of the vortex strength
and decays with the inverse-square of distance from the axis of the vortex.

2.2. With a LEBU

The way in which the insertion of a flow manipulator or LEBU modifies this flow field
will now be investigated. The geometry is illustrated in figure 2. A flat plate LEBU
of chord 2/ and with infinite span is placed at a height % above the plane wall in the
two-dimensional flow. Let us denote the position of the vortex centreline at time ¢ by
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FiourE 2. An elliptical vortex convected past a LEBU.

yo(8). At t =0, y, = (0,d), that is the vortex axis is at a height d above the wall, or
equivalently at a distance b = d —h above the LEBU. At this time the outer edge of
the vortex core is again described by R, = a+e¢acos26,, where R, and 6, are polar
coordinates based on the vortex axis.

We shall assume that the Reynolds number is sufficiently high for the effects of the
fluid’s viscosity to be ignored explicitly in the analysis. The dominant influence of
viscosity will, however, be implicitly included through the application of the Kutta
condition at the trailing edge of the LEBU. The effect of the LEBU can then be
represented by a vorticity distribution along the plate; f(y,,t), —! <y, <![. The
function f(y,,t) is equal to the jump in v, across the plate and is to be determined
from a condition of no normal velocity on the plate and the Kutta condition. As in
Dowling (1985) it is convenient to expand f(y,,t) as a Glauert series and we write

Fwd =0 00— 4,y cott +

217°
where cos@ = —y,/l. The 4, term has the required form for the singularity at the
leading edge of the plate.

As the circulation around the plate changes as a function of time, vorticity is shed
unsteadily into the wake, where it convects with the flow. We measure arclength
along the wake by s and denote the vorticity per unit length of wake by v, (s,t) and
its position by y,,(s,?). Kelvin’s circulation theorem requires that the total circulation
around the plate and wake should vanish:

¥ A, sinmd, (2.11)

m=1

0 4
f Yw(s, t)ds =—f [y, dy,. (2.12)
0 -t

Provided that the size of the vortex core a is small in comparison with the
distances ¢ and b, the vortex continues to rotate with angular velocity 1w as it
convects without dispersion. The vorticity in the oncoming vortex therefore has the
form shown in (2.1), while there is additional vorticity in the wake of the plate. Hence

w=wkH[a+eacos(2@1—-§wt)——Rl]+kf V(8,0 0y —yu(s,t)]ds  (2.13)

8=0



Effect of large-eddy breakup devices on flow noise 199
for y, 2 0. Inclusion of the effects of the LEBU and its wake into (2.4) shows that
within the vortex core the velocity field is given by

r
v(y,t) = (UuO 4+ —0, 0) +1wR,(—sin ©,, cos O,,0)
47tyv2
—LewR, (sin (6, — Jut), cos (8, —Lwt), 0)

l ' ’ 4
+§;J SWLOEW, [y, h) = Ey |32, —h)}dy;
-1

1 0
+'2;J‘ 7w(8at) {E(yvlyw)'—E(yvlywl’ _ywz)} dS. (214)
0

Outside the vortex core an extension of (2.5) shows that the corresponding velocities
are
v(y,t) = (U,,0,0)

el'a®

+ 2nR?

(—sin@,,co86,,0)+ (—sin (36, —lwt), cos (30, —1wt), 0)

2nR,

r ) ela?
-—2an (—sin 6,, cos @2,0)——5—@(

1 1
v | S0 0BGy 0—E Iy, )

—sin (30, +}wt), cos (36, + iwt), 0)

1 (oo}
+§f Yw(SOEW | Ye) — E¥ | Yu1, —Ywa)} ds, (2.15)
0

where the vector E(y|y’) is defined by

E@ly) = (=({y:—¥2) 41— ¥1.0)/((y + (¥ —42)°)-

The vorticity distribution described in (2.13) and the Velocity field in (2.14) and
(2.15) will be used in §3 to calculate the pressure fluctuations in the distant sound
field. But first we determine the local pressure perturbations on the plane wall near
the manipulator, where the flow is essentially incompressible. These near-field
pressures can be calculated from Bernoulli’s equation:

P =—pp+ip (UL~
as given in (2.6).
It is apparent from (2.15) that well outside the vortex core the velocity potential
has the form

¢(»,t) =U,y,+ (@ -0, J fy,L 0Oy, h)— Oy |yy, —h))dy]

1
+ﬁJ‘ ’)’w(syt) (@(ylyw(sst))—@(ylywl’ _ywz))d’s7 (216)
0

where @(y|y’) is defined by
tan @ = (y,—¥;)/ (¥, —¥;) with cos® = (y,—¥7)/((y,—91)*+ (¥, — o))

We now linearize in the strength of the oncoming vortex. Then I, f and vy, are all
small and any terms multiplying them need only be evaluated to lowest order in
I'. Explicitly we assume that 1 > I'/U_ d > a/b » e¢. Then the incident vortex and
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the vorticity in the wake convect with the mean velocity. Hence y, = (U, t,d),
Ywl(s,t) = (s+1, k) and

Ww
-U,—= 2.
o2 (2.17)
The velocity field and the velocity potential simplify for this vortex of linear
strength. The details are given in Appendix A, where it is shown that substitution for
v and ¢, from (2.15) and (2.16) respectively, into the unsteady Bernoulli equation

(2.6) leads to ook . U/,
’ —_— 0 17 1’ ’
P'¥,0,958) = —~ L (y1 yl) Th dyl, (2.18)

after linearization in I'. A new function g(y,, t) has been introduced in this expression.
It is defined by

9(Y1, 1) ff (y3, t) dy;. (2.19)

The surface pressure evidently depends on the functions f and g and decays with the
inverse square of distance from the plate. For a complete description it only remains
to calculate f and g.

In (2.11) f was expanded as a Glauert series. The function g can be expressed in
terms of the same coefficients. After substitution for f in terms of its series and
evaluation of the integrals, (2.19) leads to

1 . . .
9y, 1) = Py (Y, +02f(L, 1) —3T'Ay(6 +sin 0) +3I'A (6 —§ sin 26)

sin(n—1)6 sin(n+1)6
n—1 n+1

+Z %rA'n( ) (2.20)
n=2
where cosf = —y, /1.

The functions A,(t) are to be determined from the condition of zero normal
velocity on the plate, which after linearization of (2.15) leads to the following integral

equation for f:
' 1 Y1~ } U t
¢ - Vi dy; =—TI
f_lf(?/ ){yl_yl (y1—y1)* + 44 hn= (4= Uy, t)*+ b

v~ Uyt * 1 y—s—1
i), e e (yl—s-l>2+4h2}d“”’ 220
where § denotes a principal value, and b = d — k is the perpendicular distance between
the LEBU and the axis of the vortex at time ¢ = 0. Terms of order el'a?/b® have been
neglected. This is precisely the equation solved in Dowling (1985) and we need only
quote the results derived there. It was found to be convenient to take Fourier
transforms with respect to a non-dimensional time, U, ¢/I. With 4 (£2) defined by

4,2 = % f A, () eVt (2.22)

Dowling showed that the integral equation (2.21) leads to an infinite set of linear
coupled equations for the Glauert coefficients A (see Dowling 1985, equation (3.9)),

A\n_A‘O(CO,n + Cl,n) + E Am(cm—l,n—0m+l, n) + (AO—AI)Sn

m=1

—— 2i—n+1Jn(Q) [e—.QIbI/l _e—D(b+2h)/l]’ (223)
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for n > 0 and posmve 2. In this expression

Con= %J cosnd E, (—cos6)do,

0

iR 1 10 [® 0s = 1)i—a”
s,.~1—_—i§[sﬂ+§£<1+x>m<m>dz+e f o2 {E,.m T }dx]

with B (2)=1 f " (

n

cosmb’ (x+cos &)

x+cos 0')2+4h?/1 dé

and 5, =0, 8, =—1, s, =[(—1)"(2n?—1)+1]/2n(n?—1) for n > 2. The 4, decay
rapidly as n becomes large, and Dowling determined these coefficients approx1mately
by truncating the series after N terms. Then the first N equations in (2.23) could be
solved numerically to give the N unknowns 4,,4,,...,4_,. In addition Dowling
showed that the Kutta condition implied that

inrQ | - i
211 —igg) (82— 4alE2)), (2.24)

fo.e) =
so that knowledge of the A, completely specifies the functions f and g via equations
(2.11) and (2.20) respectively.

When £ is sufficiently large and b is positive, the plate is far enough from the wall
for images in the plane wall to have negligible effect on the circulation around the
plate. The plate then responds to the passage of the vortex as if it were in unbounded
space, and the coefficients 4,, can be calculated analytlcally If A > 3l the couphng
coefficients C,, ,, are small, and the equations for 4, in (2.23) decouple to give, in

particular, ] . i
r _ 4(1-iQ)  Jy(R)+1J(£2) ol0-abi1

AI—AO _ TEQ Hgl)(g)_'_ngl)(Q) (225)
- 4i e\t

__ 2.26
Ao Tt.QH((,l)(.Q)-f-i.Hgl)(.Q) ( )

and i 4(Q—2i) el

2= nQ? Hf,"(Q)+'1H§"(Q)
8(1—i2—302%) J(2)+ih(2) 0 gpn
2.2
T HP@+HP@)C =20
for Q > 0.

We now return to the evaluation of the surface pressure fluctuations. Taking
Fourier transforms of {2.18) we find that

] 4 7 £ Q
i, 0,9,2) = L2 [ (LD LJUL T, (2.28)
-1

n iy )P At v

This integral only involves known functions, since f and g have been expressed in
terms of the Glauert coefficients 4, via (2.11), (2.20) and (2.24), while the 4, are
determined by a numerical solution of (2.23). It is possible to evaluate the integrals
involved in (2.28) analytically but the expressions are so cumbersome that a
numerical integration is preferable. Figure 3 shows the variation of p(y,£2) with
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Fieure 3(a). For caption see facing page.

position along the wall for various values of & and two values of A/l. At each
frequency the pressure perturbation is in phase all along the wall, as is appropriate
for an incompressible flow where information travels instantaneously. The maximum
pressure perturbation occurs at the same streamwise location for all frequencies. For
h =1 this is at y, = — 0.6/, i.e. directly below the 20% chord point. For A = I, the
maximum pressure occurs slightly further upstream at y, = —0.71. The figure shows
that, as the frequency increases, the amplitude of the pressure oscillations first
increases and then decreases. For the values of A in the figure, the largest pressure
response occurs for non-dimensional frequencies £ in the range 0.6 < 2 < 2.0.
{Frequencies have been non-dimensionalized with respect to U_/I.)

The expression for the surface pressure simplifies at many chord lengths from the
plate. When |y,| is large in comparison with 2/, (2.28) becomes

ﬁ(yl’o’y3a9)=_& J [G(y;, 2 +Uoof Y1, 2 ]dy1(1+0(| l)) (2.29)

When f and § are replaced by their series expansions (given in (2.11) and (2.20)) the
integrals can be evaluated to show

U,

7 = 0 7
p(yvo’ya’g) T oy +h2

[If(1, Q) (1-%Q)

+inl(A,—4,) (1 -iQ)+ 1A, —4,)]. (2.30)
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Figure 3. The variation of the Fourier transform of the pressure perturbation with position along
the wall for various non-dimensional frequencies, b =0.1/ and (a) A=1, (b) k= 0.50:
calculated from (2.28); -------- , calculated from the approximate form for moderate or large 2/1 in
(2.32).

After substitution for f ({,2) from (2.24) this becomes
h [4,-4

A — 1 . 1 [1]
p(yl’()?ya’g)'— 2p0FUooy%+h2[1_lQ

If the plate is sufficiently far above the wall for the isolated plate results in

(2.25)—(2.27) to be appropriate, the coefficients can be replaced by their analytical
forms. After some algebra this leads to

2ip, TU, h =@M
nQ?  pARHYQ)+IHD(Q)

This approximate form for the Fourier transform of the pressure is plotted in figure
3 for comparison with the full solution. The agreement is surprisingly good even
though |y,| and % are not particularly large.

This approximate expression for $(y,, 0, ¥;, £2) can be written compactly by noting
that, since from (2.26)

(1—i9—§92)+%i9(10—42)]. (2.31)

5(41,0,y5,Q) = — for @>0. (2.32)

Ad@) =4 _ e for Q
° = — H(l) TN or > O,
nQ HP(82)+1iH (Q)h (2.33)
(10,45, Q) = 1p, TU, —— 4,(2).

=y R
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The form of 4,() is so simple that it is feasible to invert the Fourier transform to
determine the time history of 4,:

Ayt = QIE A(Q)e 19U/ dQ = %f [cos (QtlUw) Re 4,(Q)
o 0

+3in (Q‘IU‘D) ImA‘O(Q)]dQ, (2.34)

where we have used the fact that Ay(—Q) is the complex conjugate of 4,(). For
2 >0, 4,(Q) is given in (2.26). The integral was evaluated numerically for three
values of b and the results are shown in figure 4. Inversion of (2.33) leads to

h
P, 0,95, 8) = 30, TV, WAo(t)- (2.35)

The pressure perturbation evidently has the same phase all along the wall. We see
from figure 4 that this pressure disturbance reaches its maximum just before
t =-—1/U,_, which is the time the vortex passes the leading edge of the plate.

The function A,(t) is seen to be of order unity, and a comparison of the pressure
with and without (see (2.10)) a LEBU shows that the near-field incompressible
fluctuations are increased by a factor U, A/I". The incident vortex produces unsteady
flow velocities of the order of I'/h and, since it models low-intensity turbulence, this
is much smaller than the free-stream velocity U,. The presence of the LEBU
therefore leads to a considerable enhancement of the near-field pressures. In the next
section we shall investigate how the acoustic far field is affected.
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3. The outer acoustic flow field

The effects of compressibility become important at large distances from the vortex
and the LEBU. In this section we shall calculate the pressure fluctuations in this
acoustic field. The vorticity distribution was determined in §2 and it is convenient
to use a theory of sound generation that places emphasis on vorticity as an acoustic
source. Howe (1975) has shown that, in a low-Mach-number flow with uniform and
constant entropy, the equations of fluid motion reduce to

L& V2B = di
_26—2_ v ((!)XU) (31)
where ¢ i3 the speed of sound. The variable B is defined by
= fdp/p+%v2 (3.2)
and outside vortical regions reduces to
¢
=% (3.3)
In the acoustic far field, linearization shows that
=L (3.4)

. Po’
for a low-Mach-number flow.
In order to solve (3.1) we introduce a Green function G(y,7|x,t) defined by

102
(_26_2_V2)(}=6(y——x,t——1) in y,>0 (3.5)

together with 0G/dy, = 0 on y, = 0 and a radiation condition at infinity. This is the
familiar half-space Green function:

St—1—lx—yl/c)  d(t—T—Ix—y*|/c)

G t) =
(y?‘r‘x) ) 4n|x__y' 4nlx_y*,

(3.6)

y* is the image of the point y in the surface y, = 0, y* = (y,, —¥,,y;). For a position
x in the far field, where R = (224 %)t is large in comparison with (y%+y2)i, G reduces

to
1 X,y T Y
)= ——|8|t—T——+ =2 )+ 01— e )| 3.7
e
with r = |[x —y, k|. The repeated suffix a is summed over 1 and 2. When the source
is compact in the y, and y, directions, the argument of the d¢-functions can be
expanded as Taylor series. The first three terms in this expansion yield

1 - i
070 = g e )

(3.8)
A straightforward algebraic rearrangement shows that

1 aZ 2 1 a2 2 1 a _a_l3_>_ —_
B(—zg—rV)G G( v) 2a1(Ba1 G5 )V (BYG—GVE). (3.9
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Equations (3.1) and (3.5) may be used to simplify the left-hand side of this identity

to give
19(,06G 0B
— —7y—GV - = ——— =
Bi(x—y,t—7)—GV-(w % v) czaT( > GE)T)
When there is a LEBU we shall surround it by a fixed control surface S with normal
n, as shown in figure 2. Then integration of (3.10) over the region external to § in
¥, = 0 and over all times leads to

V-(BYG—GVB). (3.10)

B(x,t)=—fVG-(wxv)d3ydT—f B%dﬁdr (3.11)
S

We have used the fact that 0G/0n vanishes on y, = 0 and that, since the surfaces are
rigid, 0B/0n is zero both on the LEBU surface S and on the plane wall y, = 0.

In our two-dimensional model problem, the vorticity is only in the y, direction,
o = wy k. After substitution for ¢ from (3.8), the d-functions can be used to evaluate
the 7-integrals. We then find that in the far field

[”2 wa] ay 1 _@i [(23y, vo— 23y, 1) Wy a2y
xt 2ch Ot toncor I

[nlB] 1 & [ [y, +23y,n,) B]
— - — ds, 3.1
2me E‘)tJ. 2nc® Ot ) ¢ r3 » (312)
where the square brackets denote that the function they enclose is to be evaluated
at retarded time t—r/c, with r = |x—y, k|.
Finally (3.3) and (3.4) may be used to rewrite B in terms of the velocity potential
on 8 and in terms of the distant pressure perturbation in the far field. This leads to

, —Po (v, w5) a3y Po _ai [(23 Y, Vo — 23 Y2 V) ] a2
P 2ne Ot f 2nc? Ot 7 4
Po?, 0 [y ¢] Po [(x3y, n1+x2y2n2)¢]ds
. (3.1
one omc 2 )¢ 1 ds+ 2mc? at” 3 (3.13)

Sources of sound are concentrated in the vortical regions and on the surface of the
LEBU. At low Mach numbers the flow in this inner region is incompressible and has

been cal in §2.
cen caleulated in §2. o | 1 the absence of a LEBU

When there is no turbulence manipulator, the expression for the distant pressure in
(3.13) simplies to just the volume integrals:

7 x VW 0 [y, v,—2xiy,v) 0
Pt _ Po%y JI A a2y 2n625ﬁj[( 1Y17 32y2 1) 3]d3y. (3.14)

2nc Ot r

In this case the vorticity distribution is given by (2.1). It is only non-zero within the
vortex core. The form for the velocity field v within the core is given by (2.4) and
straightforward integration shows that

f”z wydy, dy, = 0,

fyl v, wydy, dy, =

I"Z
8—n(1+ecos§u)t)

2

and Jyz v wydy, dy, = —'81'%(1 — € cos gut).
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The far-field pressure in (3.14) is therefore equal to

p/(x’ t) =

2, .2 o]
poeltw (i~ z)f cos[—mr r/c Yo (3.15)

64mc? 2 e
For large wR/c, where R = (224 22)}, the y, integral may be evaluated by the method
of stationary phase and we finally obtain

, _ peel?(w\xt—x] 1 __E)_L
p(x,t) =— o (nc) e cos[2w(t . ). (3.16)

This form for the pressure prturbation is typical of that due to two-dimensional
quadrupoles. It decays with the inverse-square-root of distance from the source and
has a directivity described by (x}—x2)/R?. Note that the pressure perturbation is
proportional to e: the vortex only generates sound owing to its eccentricity.

Howe (1975) determined the acoustical field of an elliptical vortex in free space. He
found that it was equivalent to that produced by rotating quadrupoles. Equation
(3.16) can be recovered from Howe’s result by a superposition of the field of an
isolated vortex with that due to image quadrupoles in the hard wall.

3.2. Witha LEBU

The acoustic field generated as the vortex passes over a LEBU is described by
(3.13), with w, v and ¢ as given in (2.13)-(2.16). The pressure perturbation may be
conveniently decomposed into dipole and quadrupole fields, denoted by py(x,t) and
Pqa(x,t) respectively, with

P, t) = /)207:;1{& f [ooal g3y 4 & f CTIPP } a1
and
’ 22y, v,—x 1)@ (a2 42
Py(x, )—21tc {atzj[ EL e 142" 3]d3 3fs[xlyln1 rfz?/znz)ﬁb](hg}.
(3.18)

As before r = |x—y, k| and the square brackets denote that the function they enclose
is to be evaluated at retarded time {—r/c. In the absence of a LEBU, we found the
vortex sound to be quadrupole. The introduction of the LEBU leads to new dipole
sources.

The integrals in (3.17) are evaluated in Appendix B, where it is shown that the
strength of the dipole is proportional to 43(t) (4,(t) is the coefficient of the singular
term in the Glauert series). This leads to a sound field

Pt 20 [Ak(t—r/c)
d 3.19
Pal*: 0 = "6q aJ =R (3.19)

This dipole sound field is proportional to I'%, that is it depends on the square of the
velocity fluctuations induced by the vortex. For a vortex producing weak velocity
fluctuations I”is small, and the Glauert coefficient, 4,(¢), in (3.19) can be evaluated
from the linear theory in §2.

We now turn our attention to the quadrupole sound in (3.18), but since we already
have a second-order dipole we shall only evaluate the quadrupole source strength to
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first order in I'. The integrals are again evaluated in Appendix B, where we find that
the quadrupole is in the 2-2 direction, with an associated pressure field

, x2h O? d
Py(x, —p2°n22 atzf yaf gy t—r/e)+ U fly, t—r/c))dy,.  (3.20)

The funetion g(y,,?) is defined in (2.19).
When the dipole and quadrupole contrlbutlons in (3.19) and (3.20) respectively are
collected together they lead to a distant pressure perturbation of the form

P, T30 (* Ak(t—r/c)
16cl ot r?

p(x,t) = dys

poxzhaZJ dysf |
+ =2 (g, t—r/e)+ U, f(y,, t—r/c))dy,. (3.21
ome? o L » Y /c) Sy /e))dy,. ( )

This expression has a simple physical interpretation. It is shown in Appendix C that
the plate exerts a thrust p,nI"24%(t)/8! per unit spanwise length on the fluid. The
dipole term in (3.21) describes the acoustic field generated by this unsteady
streamwise force. In addition there is a linear lift force in the 2-direction of strength

l
2o f a0+ Un fyn )} dy,
-1

per unit spanwise length. In free space this lift produces a dipole sound field (Howe
1976). But here the image of this normal force in the adjacent plane surface is equal
and opposite and together they lead to the quadrupole term in (3.21).

The y, integral in (3.21) was evaluated in §2 (see (2.29)—(2.33)). In particular it was
shown that, if the LEBU is sufficiently far above the plane wall for the flow in the
vicinity of the plate to be uninfluenced by images in the wall,

l
f 9 )+ U fln, 0} dy, = —3eTU, Aq(0) (3.22)
-

When this relationship is used in (3.21), the expression for the distant pressure
perturbation simplifies to

poxlrzngg(t—r/c)

poxaThU, O [Ay(t—71/c)
4c* o 7 dya-

A,(t) has been plotted in figure 4. It is typically of order unity and varies over a
timescale I/ U, . The quadrupole term in (3.23) therefore leads to pressure fluctuations
that are a factor MU, h/I smaller than those indueed by the dipole. Since the mean
flow Mach number is very low in underwater applications, this factor is small.
Moreover, the quadrupole sound vanishes identically on the surface of particular
interest, x, = 0. The distant pressure field is therefore dominated by the dipole term
n (3.23):

p(x,t) = dy,— (3.23)

16¢l Ot r?

x
P(x, p0161d j—zaAz —r/c)dy,. (3.24)
The contribution to the sound field from unit spanwise length of LEBU is
proportional to d43/dt. For moderate and large values of k, 4,(t) has the form given
by (2.26) and (2.34) and the derivative dA4}(¢)/d¢ is plotted in figure 5. This source
strength becomes intense for small values of b (the perpendicular distance between
the LEBU and the axis of the vortex at time ¢t = 0).
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Ficure 5. Plots of d4}(t)/d¢ for moderate or large A/l (a) b = 0.5, (b) b = 0.251, (c) b = 0.11.

The y, integral in (3.24) may be rewritten using the technique introduced by
Ffowes Williams (1969). First we change the integration variable from y, to the
retarded time 7 = {—r/c to obtain

, Po 2y 2 (t-Rie 1 d
Ay ==L 3 —A¥Y7)dr, 3.25

IR W e G
with R = (x2+22). The integrand evidently has an integrable singularity at 7 =
t—R/c. Following Ffowes Williams (1969), we expand the other terms in the
denominator of the integrand about this value of 7. This procedure shows that, for

large R, 5
, Po"’1r2 J‘l R/e 1 d .
)= ————A¥Y7)dr. 3.26
PN = ecmp) . —r—Rjopar oM (3.26)

The integral has been evaluated numerically and the function

I\ 1t d
(5;) L (—rpar oM

is plotted in figure 6 for discrete values of ¢. The graphs show that this non-
dimensional function is of order unity. It varies rapidly and has its maximum
magnitude at times near t = —[/U,, the time at which the vortex passes the leading
edge of the LEBU. We see then from (3.26) that p’(x,?) is significant for times in the
range R/c—2l/U, to R/c and that it is then of order

M\
ol 2 (—223373) : (3.27)
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It is interesting to compare the distant pressure perturbation with and without the
LEBU. It is apparent from (3.16) that in the absence of a LEBU, the far-field
pressure is proportional to the small eccentricity, ¢, of the vortex core. All vortical
elements satisfying Taylor’s hypothesis are silent. When the vortex is convected past
a LEBU even vorticity that convects without change generates sound as it exerts
an unsteady suction on the plate. A comparison of (3.16) and (3.27) shows that the
LEBU enhances the distant pressure field by a factor e MY (wl/U,)™2. Since both ¢

and M are small this represents a considerable augmentation in the sound of a single
eddy.

4. A LEBU in a turbulent boundary layer

The sound field produced by the convection of an idealized two-dimensional eddy
past a LEBU was evaluated in §3. The exact solution of this simplified problem
highlights the main noise source mechanism, and the physical insight obtained will
now be applied to sound generation in a three-dimensional turbulent layer modified
by a LEBU.

Consider a LEBU of chord 2! and span 2L, positioned at a height & above the rigid
wall z, = 0. Again we enclose the LEBU by a control surface S. The half-space Green
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function G(y,7|x,t) in (3.6) may be used to write down a solution of the Ffowcs
Williams—Hawkings equation (Ffowes Williams & Hawkings 1969, equation (2.8)) to
give

, 0@ oG
cp'(x,8) = fmﬂjd”ydf—fsa—%pnid;gdr. (4.1)

Lighthill’s quadrupole source T;; simplifies to pv, v, + (p" —¢?p’) 8, in an inviscid fluid.
p’ denotes the density perturbation and is equal to p’/¢? in an isentropic fluid in linear
motion. The volume integral is to be taken over the positive y, half-space external
to the surface S. The fact that the normal component of velocity vanishes both on
the plane y, = 0 and on the surface of the LEBU has been used in deriving (4.1).
The observer’s position x will be taken to be in the far field, many chord lengths
away from the LEBU, so that [x| is large in comparison with both the wavelength
and (y2+ y2)* as y varies over the surface of the LEBU. |x| is not necessarily large in
comparison with L, because the span of the LEBU may be considerable.
Differentiation of the expansion for G(y,7|x,t) in (3.8) shows that

oG z, g N 00 _ xz—ys ¢ r
W, 2nr208(t 7 c)’ dy, 2mric S\b=7 ¢/
2 v
while %;-_—_ T2Ys 3(t_7_f),

with again r = |x —y, k|. After substitution for the derivatives of G(y, 7| x,t) in (4.1),
we find the dipole term in the distant pressure field to be

d J(xl 7y + (X3 —Y3) )

p’d('x’t) = —_a‘t 9nric p(y,t—r/c)dS. (42)
The dipole sound field evidently depends on the 1- and 3-components of the force
exerted on the fluid by the LEBU. The surface normal component =, is only non-zero
at the cross-stream edges of the LEBU and so the 3-component of the force is small.
Although n, is only non-zero at the leading and trailing edges of the plate, the
pressure at the leading edge is singular and even an infinitesimally thin plate exerts
a thrust on the fluid. This leads to the main dipole sound. It is shown in Appendix
C that the thrust per unit spanwise length is proportional to the square of the
velocity fluctuations. We will denote the thrust/spanwise length of LEBU by F(y,, ).
Substitution for the force in (4.2) shows that

’ = xl _a_ y3’ T/C
Let p4(x,w) denote the Fourier transform of this dipole pressure field:
Da(X, w) = jp;(x,t) elvt dt. (4.4)
The Fourier transform of (4.3) gives
L 0w, (¥ F(ys, o) .
Balx,0) = =51 f_b—;‘z—e e dy,, (4.5)

and this can be used to calculate the power spectral density of the dipole pressure
field, Py(x, w).
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For statistically stationary turbulence

1 ~ A 7/ /
Fi(x,w) = -Q—Kde(x, w) Pg(x, ') do’, (4.6)

where the overbar denotes an ensemble average. After substitution from (4.5) this

leads to
rx == (=) | f P T W) gersereay,ay, (47
LJ-L

with 1 = |x—y; k|. Now for statistically stationary turbulence

F(yy, 0) Fly, +£,0) = 2 F (y, £, 0') (0 + o), (4.8)

where # (y,, £, w’) is the cross-power spectral density of F(y,,1);

F(y,,8,0') = fF(ya, ) Fly, + & t+71)e"dr. (4.9)
The relationship in (4.8) shows that (4.7) reduces to
Ly
el : y3’ , —w) elw(r—reqr q 4
Falx (2Ttl‘> J;; L L——L - R £dys. (4.10)

An integral length scale, /;, can be defined by

fw F (4o £, —0) dE = [, F (95,0, ). (.11)

l; is comparable in magnitude with the turbulent correlation lengthscale and,
provided that it is small in comparison with both 2L and the wavelength 2nc/w,

(4.10) simplies to 2 rL
wx, L F(y,, 0, —w)d
P, == S8 Cdy,. 4.12
alx, w) (21:0) J‘_L ” Ya ( )

When the turbulence is homogeneous, # (y,,0, w) is virtually independent of y; along
the length of the LEBU and P,(x, w) becomes

2 L
wT _dyy (4.13)

Pd(x,w)=(%)l F(0,0, —o) | ey
I _

The y, integral is of standard form (see Gradshteyn & Ryzhik 1980, p. 66) and we

finally obtai
nally obtain w2

Py(x,w) = (%)l F(0,0, —w)I(x, L), (4.14)

where

R(L—z,) R(L+x,) _fL—=x fL+x

3 - 3 3 {278 {723

2R3I(x,L) _R2+(L—x3)2+R2+(L+x3)2+tan 7 + tan 7 )
(4.15)

with, as before, R = (x2 + 22)i.
If L is small in comparison with |x|, I(x, L) simplies to 2L /|x|*. But when L = R and
2y =0,

L
I(x,L) = W(§+§n). (4.16)
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On the other hand, for L large in comparison with |x|,

I(x,L) = ‘2%3 (4.17)

We can combine all these forms for I(x, L) together with (4.14) to give

oVl .
~—1 — L —w). .
Py(x, ) (m) i min (L. ) #(0.0, — ) (4.18)
When the function % (0, 0, — w) is rewritten in non-dimensional form we finally obtain
RV A A (a)l
P ~ 2T L D |— 4.1
d(x’ (1)) ( 21tC ) []clxlz min ( ) |x|) d []c ) ( 9)

where velocity fluctuations have been non-dimensionalized with respect to the
friction velocity, u,, and U, is a typical eddy convection velocity.

wl U,
2(7) = i ® 00~ (%20
which becomes
wl 1 U dr
S |—)=— F ~lor ¢ )
(U) (poufl)sz U5 ) F Y, t47) €77 = (4.21)

once (4.9) has been used to express % (0,0, —w) in terms of F(y,,t). The calculation
of F(y,,t) in Appendix C and the plots in figure 4 show F(y,, t) to vary over a timescale
1/U, and to be of order p,u?*l, where u is a typical velocity fluctuation. @,(wl/U,) is
therefore of the same order as the non-dimensional power spectral density of the
function u?/u?.

The pressure spectrum of the dipole sound on the hard surface, z, = 0, is caused
by centred waves travelling over the surface from the LEBU with the sound speed.
1t scales in the way indicated in (4.19) and, in particular, decays with distance from
the LEBU.

A transducer mounted on the rigid surface xz, = 0 would detect the noise of the
turbulent quadrupole sources, 7}, in equation (4.1), in addition to this centred dipole
field. These quadrupoles are distributed throughout the boundary layer and generate
sound whether or not a LEBU is present. Their sound field has been investigated
in detail by Ffowes Williams (1965, 1982). In particular the mean square of the
quadrupole source strength is found to be proportional to the fourth power of the
velocity fluctuations. The experiments of Westphal (1986), Bonnet et al. (1987),
Coustols et al. (1987) and others have shown that these velocity fluctuations are
significantly reduced by the introduction of a LEBU. In order to highlight this
attenuation we shall follow these experimenters and scale the velocity fluctuations on
u,, which has a péak reduction of between 8 and 23 % downstream of a LEBU. We
found in (4.19) that the distant surface pressure perturbation induced by the LEBU
consists only of disturbances travelling over the surface with the sound speed. The
installation of LEBUs therefore introduces no additional pressure fluctuations with
supersonic wavenumbers and, for these spectral components, we can expect a
reduction in flow noise due to the reduction in the strength of the turbulent sources,
T,
uThe installation of the LEBU increases the surface pressure spectrum for spectral
elements with sonic phase speeds. To see whether the net effect of introducing
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LEBUs is beneficial, we shall compare the dipole field in (4.19) with the flow noise
at the acoustic wavenumber in the absence of LEBUs. Ffowcs Williams (1965) found
that the surface pressure spectrum under a boundary layer of finite extent has a non-
integrable singularity for spectral elements with sonic phase speeds. This singularity
was analysed by Bergeron (1973) who showed that it arises due to a form of Olbers’
paradox, because the turbulent source region is considered to be of infinite extent
and the sound field from each source element does not decrease rapidly enough with
distance for the integrated effect to be finite. He demonstrated that when the source
region has finite extent, D, the pressure spectrum is still singular but that the
singularity is integrable. The strength of this singular field is given in a particularly
convenient form by Ffowes Williams (1982, equation (4.18)). Using his result, with
the minor amendment discussed by Howe (1987), we find that the cross-power
spectral density of the quadrupole surface pressure is given by

_ prutwd’. (8wD wd\? wd
Py(ky, by ) = "Ucd‘ In(=2=)o{ ()t + (AR (2] &g 77). (4.22)

c

where 4 is the boundary-layer thickness. @ (w4/0,) is a non-dimensional function
arising from the power spectral density of T;; non-dimensionalized on wu,.

The power spectral density of the surface pressure can be determined by an
integration of (4.22) over wavenumber:

1
P(w) = Zqu(kl, ky, w) dk, dk,. (4.23)

(2m)
The ¢-function makes this integration straightforward and we obtain

_ {pyuiw®A®\* A 8wD wd
Pq(w)—( g () 2T ) (4.24)

c

Sevik (1986) presents data which describe the functional form of @ (wd/U,).
However this does not help us here because we wish to compare (4.24) with the dipole
field in (4.19) and we have no data on the variation of @4(wl/U,) with frequency.
However a detailed study of Ffowes Williams (1982) shows that

wdy W 1 —sor e d7dy
D, (70) = gd—gwf(quﬂ(}’, ) Lp(yt+1)+ T, (¥,8) Ty (y,t47))e T—ZZ’
(4.25)

where V] is the integral correlation volume and « and f are summed over 1 and 3. In
a low-Mach-number flow, the quadrupole source T, ; reduces to the Reynolds stress
Po U, Ugand D (wd/U,) depends on the power spectral density of the non-dimensional
functions wu,u,/u? and u*/u;. We saw in (4.21) that @,(wl/U,) involves a virtually
identical power spectral density, and a comparison of (4.21) and (4.25) shows that

h
4

The introduction of a LEBU leads to a reduction in the quadrupole pressure
spectrum in (4.24) since it reduces the amplitude of the velocity fluctuations and

decreases the integral lengthscale of the turbulence (Coustols et al. 1987). However,
when the LEBU is present we also have a dipole sound field with a pressure spectrum

O, ~1d,. (4.26)
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described by (4.19). Equation (4.26) and a comparison of (4.19) and (4.24) show that
this dipole field is negligible in comparison with the quadrupole field provided that

1,13
m |x|?

. wd\? 8wD
min (L, |x]) < (T) ¥ In (—1;) (4.27)

A typical LEBU has a chord of the order of the boundary-layer thickness, 21 ~ 4.
The turbulence integral length [; also scales on the boundary-layer thickness and the
integral correlation volume V] scales on 4°. Hence (4.27) simplifies to

min (L, |x}) _ (w|x\*, (SwD

At positions x on the surface that are sufficiently far from the LEBU for the
inequality in (4.28) to be satisfied the contribution to the surface pressure spectrum
from the dipole source is negligible in comparison with that from the quadrupole. The
logarithm in (4.28) only varies slowly with its argument and is typically of order
unity.

Let us consider now an array of LEBUs mounted on a surface to produce global
reductions in fluctuating velocity. This could be achieved by installing LEBUs which
span the boundary-layer width and have an axial separation of, say, 1504. Such an
arrangement would modify the turbulence and reduce the quadrupole components of
the surface pressure spectrum. Provided that the dipole sound is less than this
quadrupole field, this would lead to a reduction in the flow noise. It is apparent from
(4.28) that such a reduction can only be obtained in a region midway between the
LEBUs provided that

1 2
<5 (%4) . (4.29)

Hence, at frequencies less than ¢/304 the installation of LEBUs will increase the flow
noise because they introduce new dipole sources which produce more intense sound
than the quadrupole sources in an unmanipulated layer. The introduction of LEBUs
could only have a beneficial effect and lead to local reductions in the surface pressure
spectrum at radian frequencies which are large in comparison with ¢/304. Even then,
if ¥ is significantly less than 4° for these high-frequency disturbances, (4.28)
underestimates the relative magnitude of the dipole sound due to the LEBUs and
they may still have an adverse effect.

5. Conclusions

The idealized problem of a two-dimensional elliptical vortex convected past a
LEBU has been solved exactly in the low-Mach-number limit. The inner
incompressible unsteady pressure is increased by the large factor U h/I" by the
introduction of a LEBU. The augmented wall pressure is most intense directly
underneath the LEBU, the maximum being below the 20% chord point. In an
unmanipulated flow the far-field pressure is proportional to the small eccentricity, e,
of the vortex core. All vortical elements satisfying Taylor’s hypothesis are silent.
When the vortex is convected past a LEBU even the frozen convected vorticity
generates sound as it exerts an unsteady suction on the plate. The LEBU increases
the distant acoustic pressure field by a factor e M. Since both ¢ and M are small
this represents a considerable augmentation in the sound of a single eddy.

When a LEBU is placed in a turbulent boundary layer, the suction force on the
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LEBU generates dipole sound in addition to that produced by the Lighthill
quadrupole sources distributed throughout the boundary layer. The dipole field
decays with distance from the LEBU and we find that, at positions sufficiently far
from the LEBU that the inequality in (4.27) is satisfied, the pressures induced by the
dipole field are negligible in comparison with those due to the volume quadrupoles.

An array of LEBUs, mounted over a surface to produce global reductions in
turbulent velocity, can only lead to local reductions in flow noise for radian
frequencies much greater than ¢/304.

This work has been carried out with the support of Topexpress Ltd and the
Procurement Executive, Ministry of Defence.

Appendix A. Evaluation of inner incompressible surface pressure
perturbation near a LEBU

After differentiation with respect to time and linearization in the vortex strength
I', equation (2.16) leads to

. 1 rud N o
(1,0, 5.) = —Em'i'Ef_lf(ypt) 6(y,, 01y, k) dy;

1 a0
+Ef Vul8:8) Oy, 0| s+, h)ds. (A1)
0

This expression for the rate of change of velocity potential can be simplified.
First note that differentiation of the circulation theorem in (2.12) with respect to
time shows that

F Fulst)d f oty dy,. A2)

0

Once (2.17) has been used to express y, in terms of 0y, /0s, the s-integral may be
evaluated to give

1 1
yw(O,t)=—z]— fyl, ) dy;. (A3)

The last integral in the expression for the velocity potential, (A 1), may be simplified

in a similar way. With vy, replaced by — U, dy,,/0s, a straightforward integration by

parts leads to

S e+ U, yu(0,1) 8(y,, 011, ),
(A4)

V(8. 8) @(y,,0|8+1,h)ds =—U,
J;) ‘}’w(s ) (yl |8 ) 8 = f (yl +h2

since 00/0s = —h/((y, —s—1)* + h?).

It would be convenient to rearrange the second integral in (A 1) in a similar way.
This can be done by introducing a new function ¢(y,,t) defined by

gy 1) = f:f(yQ, f) dy,. (A 5)

The definition ensures that g{—1,¢) vanishes, and an integration by parts gives

4 4
Ja ’ 7 (yl’ )hdyl
L0001y k) dy; = | T 4 g(1,1) O(y,, 011, k). A
Lf(y ) O (y,,01y1, h)dy; L(yl " ,h+g( t)O(y,, 011, %) (A 6)
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Substitution from (A 4) and (A 6) into (A 1) leads to

g=—1 TU.2 lf gL kdy; U, f _yls,tyhds
T (y,—Uxt)* +d? (Y1 — Y2+ A (y,—s—D)2+h?

+- 0, 01L W90+ U, 7,001 (AT)

It follows from the definition of ¢ that

L »
.0 = | fwindu

The circulation theorem expressed in (A 3) therefore shows that the last term in
(A 7) vanishes and ¢ has quite a simple form.
On y, = 0, v, is identically zero and, after linearization, v, in (2.15) simplifies to

_ 1 Id fy',t) hdy; _J‘“’ Yu(St) hds
W=l T n L(yl R T n ), Gioe—pirm A8

Substitution for ¢ and v, from (A 7) and (A 8) into the unsteady Bernoulli equation
(2.6) leads to an expression for the surface pressure fluctuation :

w/ﬂf 9(y1, 1)+ U f (9, 0) y
oS (yy)ieR Y

P(¥,0,y5,t) = (A9)

which is used in (2.18).

Appendix B. Evaluation of the integrals in the representation for the
distant pressure field

We shall begin by evaluating the surface integrals in the representations
(3.17) and (3.18) for the far-field pressure. These are of form [[n,r%¢]dS and
[ [n,y,7%¢]dS, where r = [x—y, k| and the square brackets denote that the function
they enclose is to be evaluated at retarded time t—r/c. We shall evaluate these
integrals in a similar way to the standard proof of the Blasius theorems (see for
example Duncan, Thom & Young 1970).

Consider first the complex integral

f (ng$—iny ) s, B1)

where n denotes the inward normal and s is arclength around the two-dimensional
body. We introduce the complex position variable z =y, +iy,. Then, for an
incremental dz tangential to the body,

dz = (n,—in,)ds, (B2)
and hence the integral in (B 1) can be written as
f(nﬁi—inl ¢)ds = §¢ dz. (B 3)

Since the body surface is a streamline, the stream function 3 has a constant value,

¥, say, on the body and
jgz/f dz = ¢, §dz = 0. (B 4)
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After combining (B 3) and (B 4) we obtain

J‘(n2¢——in1 P)ds = %wdz, (B 5)
where w(z) is the complex potential ¢ +iyy. Equation (2.16) shows that near the plate

and outside the vortex core this complex potential is given by

ir . )
w(z) = Uwz—gﬁ(ln(z—yu—lyvz)—ln (2= Y1 +1Yy))

4 l

l ! ’ . ’ . s

_%J‘ Syt (In(z—yy—ik) —In (2 —y; +ih)) dy}
-1

i (® . .
_é—,’; 7w(83 t) (ln (z_ywl - 1yw2) —In (z_ywl + lywz)) ds. (B 6)
0

After substitution for w(z) from (B 6) into (B 5) we find that the z-integral involves
terms of the form ¢1n (z—2")dz. If 2’ is outside the body this integral is identically
zero, while for a position 2" within the body, the integral reduces to a branch-cut
integral which can be readily evaluated. This leads to

[mg=imgras = t-siswoay. B7)
The imaginary part of (B 7) shows that
n,¢ds =0, (B 8)
and, after integration over y,, it follows that
L[n;—f]dS =0; (B9

a result that we shall use later.
The LEBU is positioned at y, = » and so

0 [ [yama 4] © dy, [* {
—| =22=dS=h| .
atjs 72 ds e [n,P]ds (B 10)
The s-integral has been evaluated as the real part of (B 7) and shows that
d n © dy, [* i ,
af Mdsﬂf W[ a-vfwni—rody; (B11)
S —® -1
After integration by parts this becomes
0 [ [yyn © dy, [* ,
afsyﬂ_r;ﬂds = hf %f lg(yl,t—r/c) dy;, (B 12)

where the function g has been defined in (2.19).
The final surface integral in the representation (3.18) for the far-field quadrupole

pressure is
T
S
This may be evaluated in a similar way by considering the complex integral
J‘z(n2 @—in, ¢)ds. (B 14)

Such a procedure shows that the integral in (B 13) vanishes.
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We showed in (B 9) that
J [n12¢] dS = 0
s 7

The dipole strength in (3.17) therefore only depends on the volume integral
[ ([v, w,]/r?) d3y. Vorticity is concentrated within the vortex core and the plate wake,
and substitution for w, from (2.13) and for the variation of », over the vortex core
from (2.14) shows that

Jvz w; dy, dy, = 10* fH(a +ea cos (20, —iwt) — R,) R,(cos @, —e cos (6, —jwt)) dy, dy,

+Fv2(yv(t)’t)+f YW('Sﬂt) v2(yw(s’ t)’t) dS (B 15)

8=0

The first integral can be evaluated in a straightforward way and is found to be
identically zero. When v, is substituted from (2.14) and (2.15) into (B 15), two terms
cancel to give

r ()
f”z wydy, dy, = —J fyu )yl Y1 h) — By, | y1, —R)} Ay,
_——J fyl’ f YW'S t {EZ(ywlyl’ 2(yw|y13 }d'del

+'2——,EJ YW(s’t)J‘ 7w(8/7t){E2(way;v)_E2(yw|y;vl’—y;vz)}dslds'
0 0 (B 16)

The function E,(y|y’) is defined by E,(y|y') = (y,—y1)/ (¥, —y1)*+ (¥.—y2)"). The
symmetry in this expression shows that

E,p|y)=—E,00'y), Eyyr, —¥:ly1, —y2) = E(¥]y). (B 17)
Now, since the plate is impenetrable, the normal fluid velocity on it vanishes, i.e.
v,(y,8) =0 for —I<y <, y,=h (B 18)

The form for v, in (2.15) and the relationships in (B 17) show that this condition is
equivalent to

F{E2(yv|yl’ yvlyv - }+J’ 7w(s7t){E2(yw|y1’ ywlyl’ }dS

2 i y ___y/

= (’,t){ —— Lol }d’ for —Il<y,<l. (B19
f—zf # i~y =y’ + 4Rt h b ( )

This identity may be used to simplify the first two integrals in (B 16):

1 1 11 1 y _y/
v,w,dy; d =—f ( ,t)f (’,t){ -— L1 }d’d
fz s 0Y10Y: = o0 —zf U —zf Y Vi, (G—y) + AR Y1 9%,

l ® © /’ ’ 4 7 ’

b [ rat6s) [ 1l 0 B 170 = Elp o~ ' ds. (B 20)
0 L]

¥w(8',t) is a non-singular function and the order of integration in the last term in
(B 20) can be exchanged. Such a procedure shows that

I= f Yols,) f ol s DB ) = a0 | ons — W)} ' dis
0 0

- f ul&:) f ul8,8) Barw Yo = Bala | Yiors — Vi) ds ds'. (B 21)
0

0
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The relationships in (B 17) show that

E,(yo|¥e) = —E,(vy1y) and E,(y,1yu1, —Yws) = — BV | Ywis —Ywe)-

Hence - 0
I= _J YW(sl:t)J‘ YW(S’t) {Ez(y:wlyw)—'Ez(y;vlywl’ —ng)deS,. (B 22)
0

0

After exchanging the names of the integration variables s and &', the integral on the
right-hand side of (B 22) is precisely the same as that defining I in (B 21). Hence
combining (B 21) and (B 22) leads to

I=-1, (B 23)
and we must conclude that
I1=0. (B 24)
The last integral in (B 20) vanishes.
A similar argument shows that
f Yo Ui—4) 3 a
f fy1:t) T y1)2+4h2d y1dy, =0, (B 25)
and (3.20) simplifies to
1 A
vyw,dy, d =———f 0§ =2l dy dy,. (B 26
f 2@ QY1 AY2 = 58 _lf(?h ) 1, Y19y, )

The same argument cannot be applied to the integrals remaining in (B 26) because
f has a singularity at the leading edge and the y; integral exists only as a principal
value. These integrals need to be evaluated explicitly. However, we note that, since
the leading-edge singularity prevents the integral in (B 26) from being zero, we
expect the integral to be proportional to 42(t), because A4,(t) is the coefficient of the
singular term in the Glauert series.

Substitution for f in terms of its Glauert series (2.11) enables the remaining
integrals in (B 26) to be evaluated explicitly. It shows that

fyl: ) Y, = EF AN I
{20 Fr o)
(B 27)

where cos @ = —y,/l and the Glauert integral
f" cosnfl’ , _msinnf

o cos ' —cosf sin @

has been used. Finally, after multiplying the right-hand side of (B 27) by the Glauert
series for f(y,,t) and integrating with respect to y,, we find

nl?
J.ve w;dy, dy, = S_ZAg(t)' (B 28)

As expected, the strength of the dipole is proportional to 43(t) and leads to a sound
field

poxlf 2 r/c

This result is used in (3.19).
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We now turn our attention to the quadrupole sound in (3.18). Since we already
have a second-order dipole we shall only evaluate the quadrupole source strength to
first order in I". The integrals over the surface of the LEBU have already been
evaluated. In particular, from (B 12) and (B 13) we have

E) © d (]
FJZL [yzf;ﬂds - hf_ %L gy, t—r/c)dy,, (B 30)
and f [ylfl¢]dS 0. B31)
N

The volume integrals describing the quadrupole source strength simplify
considerably when they are linearized. To lowest order in I', we find that

J\?h vy wydy, dy, =0, (B 32)
0

while fyz v w,dy, dy, = U (h+b) T+ U, hf Yw(8, t)ds. (B 33)
0

The circulation theorem expressed in (2.12) enables the total vorticity in the wake to
be expressed in terms of the circulation around the plate, so that

7
f?/zvl wydy,dy, = U, (h+b) '— Uwhf f(yy,8)dy,. (B 34)
)

Substitution of (B 30) and (B 34) into (3.18) shows that the quadrupole is in the
2-2 direction, and leads to a pressure field

, x2h 0? d
Po(x,t) = pgn.czz atzf yaf 9y, t—r/c)+ Uy fly,, t—r/c)) dy,, (B 35)

a result that is used in (3.20).

Appendix C. Evaluation of the unsteady force on the LEBU

The forces exerted on an isolated plate in a gust have been considered extensively
(see for example Glauert 1929; Sears 1940; Jones 1957). In our geometry the plate
or LEBU is positioned above an infinite plane wall, but nevertheless we can obtain
simple expressions for the force. Let (X, Y) denote the force exerted on the fluid by
unit spanwise length of LEBU. Then

Y+iX=—J(n2+inl)pds. C1

The unsteady form of Bernoulli’s equation shows that in this inner incompressible
flow

p= —po%?—%po v? + constant. (C2)

When this is used to substitute for the pressure, the integral in (C 1) can be written

in complex form as
. ow L ow\?
Y+iX = p, -a7dz+7po % dz, (C3)

where the overbar denotes a complex conjugate. We have already considered the first
integral in this equation (see (B 5) and (B 7)). When w in (B 6) has been differentiated

8-2
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with respect to z, the second integral has a straightforward form and can be readily
evaluated to show that

() L ’ ’
_Po _ T SyLt) wi—w) .,
nf~lf(y1’t) {FE2(yv|y1’h) FEZ(yvlyI) h) _Z (y;_yl)2+4h2 dyl

+f V(80 (Bx(Vu |41, B) =Byl gy, — )dS}dyl (C4)
0

The condition that the plate is impenetrable, expressed mathematically in (B 19),
enables this integral to be simplified to

X_poff( Y1 ffyl’ / (05)

This integral was evaluated in Appendix B where the steps between (B 26) and
(B 28) show it to be equal to p,nl2A42%(¢)/8l. The plate exerts a thrust on the fluid,
proportional to the square of the oncoming velocity fluctuations.

After linearization in I', the strength of the oncoming vortex, the real part of
(C 3) shows that

[
Y=P0J (9, )+ Uy f(yy, ) dy,. (C6)

The leading term in the unsteady lift force depends linearly on the velocity
fluctuations.
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